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A well-known result of P. Hill’s [1969, Trans. Amer. Math. Soc. 141, 99–105] says
that any endomorphism of a totally projective abelian p-group for any odd prime is
the sum of two automorphisms. We will extend this result to local Warﬁeld modules
of ﬁnite torsion-free rank over odd primes. © 2000 Academic Press
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1. INTRODUCTION
In 1963 Fuchs [9] posed the problem of characterizing those endomor-
phism rings of abelian groups which are generated by their automorphisms.
This can be translated into a more general problem in terms of ring theory:
Which rings are generated by their units? The question can also be strength-
ened by asking for the minimal number n = nR of a ring R such that any
r ∈ R is the sum of at most n units. If n exists, then n is called the unit sum
number of R in [14]. If n does not exist but every element of R is a sum of
units, we say the unit sum number is ω. Otherwise, the unit sum number
does not exist for R or we may say that it is ∞. If R = End M then we
refer to the unit sum number of M but have R in mind.
Various authors have dealt with particular cases of this problem over
the past 30 years. Stringall [19] characterized endomorphisms of separate
1 This work is supported by Project G-545-173.06/97 of the German–Israeli Foundation for
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abelian p-groups which are the sum of two automorphisms; see also
Freedman [8]. Castagna [1] showed that any countable abelian p-groups
(for p = 2 have a unit sum number 2, a result which was extended in
a deep paper by Hill [16] to arbitrary totally projective p-groups for odd
primes p. Totally projective p-groups are deﬁned in Section 2 or by Fuchs
in [10, Vol. II, Chap. XII]. Recall that this class is the largest class of
p-groups in which Ulm’s theorem holds. On the other hand, Castagna [1]
produced for each prime p a separable abelian p-group with unit sum
number ∞. Using Corner’s [2] well-known realization theorem for abelian
p-groups he realized Zpx as an endomorphism ring modulo the ideal
of a small endomorphism. Then the statement will follow immediately by
properties of this polynomial ring. Similarly, a class of counterexamples
can be obtained by using Corner and Go¨bel [3]. Using similar arguments,
Goldsmith [13] also showed that complete modules over complete dis-
crete valuation rings have unit sum number 2, and on the other hand
there are modules over the p-adic integers with no unit sum number, as
follows by an application of [3]. Wans [20], extending [13], showed that
free R-modules of ﬁnite rank >1 have unit sum number 2.
Here we want to come back to Hill’s fundamental paper, taking into
account Wans’ [20] result. The most natural class of abelian groups covering
both Hill’s totally projective p-groups and Wans’ free groups is the local
Warﬁeld modules of ﬁnite (torsion-free) rank; see Section 2 for the deﬁni-
tion of this well-studied class of groups. We want to show that any endomor-
phism ring of a p-local Warﬁeld module, p an odd prime, of ﬁnite rank has
the unit sum number 2. The proof uses Hill’s result and techniques devel-
oped for the study of Warﬁeld modules over the past 20 years. If we only
require that our module is an extension of a totally projective module (even
of a direct sum of cyclic p-groups) by a ﬁnite direct sum of copies of ,
then a counterexample based as before on Go¨bel and May [12] shows that
the unit sum number can be ∞.
2. BASIC RESULTS AND DEFINITIONS
Let p be a prime, which we ﬁx throughout this paper, and let p =
	 n
m
∈  
 mp = 1 be the ring of integers localized at this prime p.
Moreover, ∗p shall denote the group of units of p.
For any p-module M and any ordinal α we deﬁne inductively the
submodule pαM by p0M = M and pα+1M = ppαM and, if α is a limit
ordinal, then pαM = ⋂β<α pβM . Then the module M is reduced if there
exists an ordinal λ with pλM = 0, and a minimal λ is the length of M .
The height xM inM of an element x ∈M is deﬁned to be∞ if x ∈ pαM
for all ordinals α and it is α if x ∈ pαM \ pα+1M . Hence M is reduced
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if 0 is the only element in M with height ∞. This immediately leads to an
important class of isomorphisms between submodules L and N of M . The
isomorphism
π
 L −→ N is height-preserving if xM = xπM for all elements x ∈ L
Recall that a submodule N is nice in M if every nonzero coset y +M
(y ∈ N) contains an element of maximal height in M . Such a distinguished
element of a coset is called a proper element. The reader will ﬁnd many
details about these standard notions in [10, 17]. The basic classiﬁcation
theorem due to Hill [15] characterizes reduced totally projective p-groups
as those groups which satisfy Hill’s Axiom 3 condition. A by-now-classical
slight extension for Axiom 3 includes mixed p-modules. Variations are
useful in different categories; see [6]. At the moment we restrict ourselves
to abelian p-groups which are obviously p-modules.
Deﬁnition 2.1. Let M be a torsion module over p. Then we say
that M satisﬁes Axiom 3 if there exists a nice system  of submodules of M
such that
(i) 0 ∈  ,
(ii)  is closed under module union, i.e.,  ′ ⊆ ⇒∑	N N∈ ′
∈  
(iii) (A ≤ M A ≤ ℵ0, and N ∈  ) ⇒ (∃L ∈  with NA ≤ L
and L/N ≤ ℵ0).
As indicated in the abstract and in Section 1, Hill [16] showed that every
endomorphism of a totally projective p-group of an odd prime p is the sum
of two automorphisms.
Our extension will be based on a study of (mixed) p-modules M with
a distinguished nice submodule A such that M/A is torsion. In a ﬁrst step
we will note some slight generalization of Hill’s result. This will be a basic
tool for the remaining part of this paper.
Theorem 2.2 (Hill [16]). Let p be an odd prime andM be a p-module
with a nice submodule A such that M/A is torsion and satisﬁes Axiom 3.
Moreover, let ϕ be an endomorphism of M which leaves A invariant such
that the restriction ϕ A is the sum of two height-preserving automorphisms
of A. Then ϕ is the sum of two automorphisms of M .
Hill’s original theorem, mentioned above, is an immediate consequence
of Theorem 2.2. On the other hand, the proof of Theorem 2.2 is based on
properties of Axiom 3 families and natural generalizations of [16] which
follow by inspection of our favorite paper [16]. This led us to a crucial
lemma from which Theorem 2.2 will follow by Zorn’s Lemma and proper-
ties of Axiom 3 families.
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Lemma 2.3. Let A be a nice submodule of the p-module M with M/A
a torsion module satisfying Axiom 3. Moreover, let ϕ be an endomorphism
of M which leaves A invariant such that ϕ A is the sum of two height-
preserving automorphisms of A. If B ⊆M is a countable extension of A then
we can ﬁnd a countable extension C ⊆ M of B such that ϕ C is the sum of
two height-preserving automorphisms of C.
Our extension to mixed abelian groups will also use the following deﬁ-
nition of p-modules, which originates from early studies of p-groups by
Crawley and Hales [4]. In modern terminology we have
Deﬁnition 2.4. A p-module M is called simply presented if we can
ﬁnd a family of generators x y z    with only relations of the form
px = 0 pz = y   
The by-then surprising connection between simply presented abelian
p-groups and totally projective p-groups was the following characterization.
Theorem 2.5 (Hill [15], Crawley and Hales [4]). A torsion p-module
is simply presented if and only if it satisﬁes Axiom 3.
As in the case of totally projective abelian p-groups, it is crucial to inves-
tigate direct summands of the natural initial class of modules, a case started
for simply presented modules by Warﬁeld. Recall the following
Deﬁnition 2.6. A Warﬁeld module is a direct summand of a simply
presented module.
Warﬁeld’s characterization of Warﬁeld modules needs the following two
deﬁnitions which will be basic later on, as well.
Deﬁnition 2.7. A submodule N = ⊕i∈I Ni of a p-module M is a
valuated coproduct in M , if for each x = ∑i∈I xi (xi ∈ Ni) the equation
xM =
∧
i∈I xiM holds.
Deﬁnition 2.8. A subset X = 	xii∈I of a p-module M is called a
decomposition basis for M if the following holds:
(i) all elements of X are independent and have inﬁnite order;
(ii) M/X is torsion;
(iii) X =⊕i∈Ixi is a valuated coproduct in M .
A decomposition basis X of M with X nice in M is called a nice decom-
position basis for M .
Warﬁeld’s characterization is vital for our extension of Hill’s theorem.
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Theorem 2.9 (Warﬁeld [21]). A p-module M is a Warﬁeld module
exactly if it has a nice decomposition basis X such that M/X is simply
presented.
Note that the divisible part of any group is a summand. Hence there is
no restriction to assume that the p-modules are reduced, as we will do.
3. A REDUCTION THEOREM
First we want to see how the property of having sum number 2 passes
through valuated coproducts.
Proposition 3.1. Let N =⊕i<n Ni (n < ω) be a valuated coproduct in
a p-module M such that every endomorphism
ϕi ∈ End Ni with xiϕiM ≥ xiM for all xi ∈ Ni
is the sum of two M-height-preserving automorphisms of Ni. Then every
endomorphism
ϕ ∈ End N with xϕM ≥ xM for all x ∈ N
is the sum of two M-height-preserving automorphisms of N .
Proof. We may assume that N = N1⊕N2. Let ϕ ∈ End N be as in the
statement of Proposition 3.1. Then ϕ can be expressed in terms of matrices
as follows:
ϕ =
(
ϕ11 ϕ12
ϕ21 ϕ22
)
with ϕij ∈ Hom NiNj
By assumption, xM ≤ xϕM holds for all x ∈ N . Hence, using that N is a
valuated coproduct in M , it follows that for xi ∈ Ni (i = 1 2) we have
xiM ≤ xiϕM = xiϕiiM ∧ xiϕijM
In particular,
xiM ≤ xiϕiiM
holds. We can write ϕii = αi + βi for some αi βi ∈ Aut Ni height-
preserving in M .
Now we set
α =
(
α1 ϕ12
0 α2
)
and β =
(
β1 0
ϕ21 β2
)

Obviously, α and β are automorphisms of N and it remains to show that
xM = xαM = xβM for all x ∈ N
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Let x = x1 + x2 ∈ N1 ⊕N2. For the valuated coproduct N it follows that
xM = x1M ∧ x2M
and
xαM = x1α1M ∧ x1ϕ12 + x2α2M
Moreover, we obtain
x1M = x1α1M x1M ≤ x1ϕ12M
and x2M = x2α2M
We have to consider two different cases.
Case I.
xM = x1M ≤ x2M
In this case x1M ≤ x1ϕ12 + x2α2M . Hence we get xαM = x1α1M =
x1M .
Case II.
xM = x2M < x1M
In this case
x2α2M = x2M < x1M ≤ x1ϕ12M
therefore
x1ϕ12 + x2α2M = x2M
and xαM = x2M = xM holds.
Similarly, β is M-height-preserving.
The following corollary is now immediate.
Corollary 3.2. Let M =⊕i<n Mi be a module and for all i < n let Mi
have unit sum number 2. Then M also has unit sum number 2.
We are ready to derive one of our key lemmas.
Lemma 3.3. Let p be an odd prime andM be a Warﬁeld module over p
with a decomposition basis X and a ﬁnite torsion-free rank. If ϕ ∈ End M
leaves X invariant, then ϕ  X is the sum of two height-preserving
automorphisms of X.
764 go¨bel and opdenho¨vel
Proof. Write X = 	xii≤n. By Proposition 3.1 it is enough to show that
each endomorphism of xi is the sum of two height-preserving automor-
phisms of xi for 1 ≤ i ≤ n. An endomorphism of xi can be identiﬁed by
scalar multiplication with an element of p. Hence the automorphisms of
xi are multiplications by units of p and are therefore height-preserving.
It remains to recall that each s = a/b ∈ p (a b = 1) can be written as
s = u+ v with u v ∈ ∗p. We distinguish two cases. If p  a, then p  a− 1
and we can write s = a− 1/b+ 1/b ∈ ∗p +∗p. If p  a, then recall that
2 is a unit in p and we can write s = a/2b+ a/2b ∈ ∗p + ∗p.
By the last Lemma 3.3 our strategy becomes clear. We must show that any
endomorphism of a reduced Warﬁeld module of ﬁnite torsion-free rank has
a suitable decomposition basis X such that the endomorphism restricted
to X is the sum of two automorphisms. In order to exchange a given
decomposition basis for a better one it helps to recall another classical
deﬁnition.
Deﬁnition 3.4. Let M be a Warﬁeld module and XY be two decom-
position bases of M . Then Y is subordinate to X if every element of Y is a
nonzero multiple of an element of X.
The announced exchange of decomposition bases will need a well-known
lemma (see [17]) which we will prove for the convenience of the reader.
Lemma 3.5. Let X be a nice decomposition basis for a p-module M
and Y be subordinate to X, then Y  is nice in M . And if M/X is simply
presented, then M/Y  is also simply presented.
Proof. Let a+ Y  be a nonzero coset in X/Y . Then a is the sum
of an element x ∈ X \ Y  and an element y ∈ Y . Because of the
deﬁnition of decomposition bases, x is of maximal height in M among the
elements of a+ Y . Easy calculation shows that Y  is nice in M .
A well-known theorem [10, Vol. 2, p. 90, Theorem 82.3 and p. 99,
Theorem 83.5] tells us that a torsion module is simply presented exactly
if it has a nice composition series, i.e., a well-ordered ascending chain
of nice submodules 0 = N0 ⊂ N1 ⊂ · · · ⊂ Nα ⊂ · · · α < λ for which
Nα =
∑
β<α Nβ whenever α is a limit ordinal, and
∑
α<λ Nα = M and the
quotients Nα+1/Nα are cyclic of prime order for all α.
Because Y  and X are nice in M , X/Y  is nice in M/Y . So if
	Nα/X is a nice composition series for M/X, then 	Nα/Y  is a nice
composition series for M/Y .
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4. THE INVARIANT DECOMPOSITION BASES
Theorem 4.1. Let M be a reduced Warﬁeld module with ﬁnite torsion-
free rank, and let ϕ be an endomorphism of M . Then there exists a nice
decomposition basis Y such thatM/Y  is simply presented and Y ϕ ⊆ Y .
Remark. It remains an open question whether the condition that M in
Theorem 4.1 has ﬁnite torsion-free rank is really necessary.
Proof. By Warﬁeld’s Theorem 2.9 there exists a nice decomposition
basis X = 	xii≤r such that M/X is simply presented. The module
M/X is torsion, hence for every i ≤ r there exists a natural number
ni < ω with pnixiϕ ∈ X.
We obtain a system of equations ,
1 pn1x1ϕ = pn11λ11x1 + pn12λ12x2 + · · · + pn1r λ1rxr
2 pn2x2ϕ = pn21λ21x1 + pn22λ22x2 + · · · + pn2r λ2rxr

r pnrxrϕ = pnr1λr1x1 + pnr2λr2x2 + · · · + pnrr λrrxr
with coefﬁcients nij < ω and λij ∈ ∗p ∪ 	0.
We want to replace the nice decomposition basis X by a new subordinate
decomposition basis Y such that Y  is ϕ-invariant. By Lemma 3.5 the
submodule Y  will be nice as well and M/Y  will be simply presented.
Hence, after such an exchange of the decomposition basis, Theorem 4.1
will be shown.
To this end we seek for appropriate natural numbers li < ω (i ≤ r) such
that
∀
i j≤r
ni + li ≤ nji + lj holds, whenever λji = 0 (4.1)
To ease notation we set
nji = ∞ if λji = 0 and p∞0 = 0
When the li’s with 41 are known, we will set
yi = pni+lixi
and obtain a decomposition basis Y = 	yii≤r of M , which is subordinate
to X. Indeed,
yiϕ = pni+lixiϕ =
∑
j≤r
pnij+liλijxj =
∑
j≤r
pnij+li−nj+ljλijyj
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with nij + li − nj + lj ≥ 0 by the condition 41, hence Y  is
ϕ-invariant.
We proceed by induction on k ≤ r to ﬁnd the li’s. The induction hypoth-
esis for k reads as follows.
There exist lki < ω i ≤ k such that ni + lki ≤ nji + lkj
for all i j ≤ k (4.2)
Our claim (4.1) and the theorem follow immediately from (4.2) for k = r
and li = lri.
If k = 1, then pn1x1ϕ =
∑
i≤r pn1iλ1ixi and X is a valuated coproduct
in M . The endomorphism ϕ does not decrease heights, and we get
 pn1x1 ≤ pn1x1ϕ =
∧
i≤r
 pn1iλ1ixi ≤ pn11λ11x1  
However, M is reduced and x1 = ∞, hence n1 ≤ n11 follows.
If k = s + 1 we apply the induction hypothesis to s and ﬁnd lsi < ω
(i ≤ s) such that
ni + lsi ≤ nji + lsj for all i j ≤ s
Now we rename elements and substitute ni for ni + lsi as well as nji for
nji + lsj . The last displayed inequality reduces to
ni ≤ nji for all i j ≤ s (4.3)
Multiplying the kth row of the equations  by a sufﬁciently large p-power
we may assume that ni ≤ nki for i ≤ s. Also, nk ≤ nkk because M is
reduced. Note that we have
ni ≤ nji for i ≤ s j ≤ k and for i = j = k (4.4)
It is very convenient to represent the exponents of the p-powers of the
new system of equations  as a matrix  with the bold face letters in
good shape (4.4).

n1 n11 n12    n1s n1k    n1r
n2 n21 n22    n2s n2k    n2r

ns ns1 ns2    nss nsk    nsr
nk nk1 nk2    nks nkk    nkr
nk+1 nk+11 nk+12    nk+1s nk+1k    nk+1r

nr nr1 nr2    nrs nrk    nrr


In the remainder of the paper we present an algorithm to ﬁnd from 
the natural numbers lki with ni + lki ≤ nji + lkj for i j ≤ k. Note that this
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will ﬁnish the proof of Theorem 4.1. We must work for the kth column in
relation to nk. If nk ≤ nik for all i ≤ s then lki = 0 will sufﬁce.
Hence we may suppose that nk > nik for some i ≤ s. We also may assume
that i = 1 and set lk1 = nk − n1k. Multiply the ﬁrst row of  by plk1 .
Hence all entries of the ﬁrst row of  increase by lk1, and
n1k + lk1 = nk
If we replace the old matrix  by the new one, some of the inequali-
ties (4.4) may no longer hold for the new matrix. Hence we must consider
any 1 < i ≤ s with an unwanted inequality ni1 < n1 + lk1. In view of (4.4)
we must “repair” , and hence . This correction takes place in at
most s − 1 steps for each infected i.
In the ﬁrst step we set
l
2
i =
{
0 if ni1 ≥ n1 + lk1
n1 + lk1 − ni1 if ni1 < n1 + lk1,
for 1 < i ≤ s, and we multiply the ith row (1 < i ≤ s) with pl2i . The ﬁrst
entry of the ith row becomes ni + l2i , and we now want to show that
ni + l2i ≤ nki (4.5)
We relabel the rows such that
l
2
2 l
2
i decreases for 1 < i ≤ s
and using also ni ≤ nji we have
l
2
i ≤ lk1 for all 1 < i ≤ s (4.6)
From (4.4) it also follows that
ni + l2i ≤ nji + l2j for all j ≤ i ≤ s
But by the deﬁnition of l2i we see that
n1 + lk1 ≤ ni1 + l2i
and
ni + l2i ≤ n1i + lk1
If l2i = 0 then (4.5) holds by (4.4). Otherwise, by the deﬁnition of l2i we
have ni1 + l2i = n1 + lk1 and ni1 = ∞. Hence λi1 must be a unit, and
pni+l2i xi ≤ pni+l
2
i xiϕ ≤ pni1+l
2
i λi1x1 = pni1+l
2
i x1 = pn1+lk1x1
≤ pn1+lk1x1ϕ ≤ pn1k+lk1λ1kxk = pnkxk
≤ pnkxkϕ ≤ pnkiλkixi
from which (4.5) follows because M is reduced.
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We continue the “repair” inductively, passing from m to m + 1 ≤ s. By
hypothesis we may assume that we have found natural numbers ordered as
lk1 ≥ l22 ≥ l23 + l33 ≥ l2m + · · · + lmm
≥ l2i + · · · + lmi ≥ l2i+1 + · · · + lmi+1
for m ≤ i < s.
Moreover,
ni + l2i + · · · + lmi ≤ nki for 1 < i ≤ s
We deﬁne the new numbers lm+1i for the mth step and some infected
1 < i ≤ s.
l
m+1
i =


0 if nim + l2i + · · · + lmi
≥ nm + l2m + · · · + lmm ,
nm + l2m + · · · + lmm 
−nim + l2i + · · · + lmi  otherwise,
and multiply the ith row (i ≤ s) with plm+1i . Then relabel the rows m + 1
to s such that
lk1 ≥ l2i + · · · + lm+1i ≥ l2i+1 + · · · lm+1i+1 for 2 ≤ i < s (4.7)
decreases. This is possible by the deﬁnition of the lji and l
j
i = 0 for i < j.
From ni ≤ nji it follows that
ni + l2i + · · · + lm+1i ≤ nji + l2j + · · · + lm+1j for 1 < j ≤ i ≤ s (4.8)
By the deﬁnition of the lji it follows trivially that
nj + l2j + · · · + lm+1j = nj + l2j + · · · + ljj
and
nij + l2i + · · · + lm+1i = nij + l2i + · · · + lii 
as well as
nj + l2j + · · · + ljj ≤ nij + l2i + · · · + lj+1i ≤ nij + l2i + · · · + lii
for 1 < j ≤ i ≤ m. Hence
nj + l2j + · · · + lm+ 1j ≤ nij + l2i + · · · + lm+1i for 1<j≤ i≤m (4.9)
The inequalities (4.7) give rise to the new inequalities
ni + l2i + · · · + lm+1i ≤ n1i + lk1 for 1 < i ≤ s (4.10)
and
n1 + lk1 ≤ ni1 + l2i ≤ ni1 + l2i + · · · + lm+1i for 1 < i ≤ s (4.11)
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Recall that either
(a) lm+1i = 0 or
(b) nim + l2i + · · · + lm+1i = nm + l2m + · · · + lmm ,
hence we claim
ni + l2i + · · · + lm+1i ≤ nki for 1 < i ≤ s (4.12)
If (a) holds, then
ni + l2i + · · · + lm+1i = ni + l2i + · · · + lmi ≤ nki
If (b) holds then nim cannot be∞, hence λim is a unit. For any lm+1i = 0
there is a maximal t1 < m with l
t1+1
m = 0. This is to say that
nm + l2m + · · · + lmm = nm + l2m + · · · + lt1+1m
and
nmt1 + l
2
m + · · · + lt1+1m = nt1 + l
2
t1
+ · · · + lt1t1 
This tells us that there is a maximal t2 < t1 for which l
t2+1
t1
= 0. We
obtain a chain t1 > t2 > · · · > tq > tq+1 = 1 with
ntiti+1 + l
2
ti
+ · · · + lti+1+1ti = nti+1 + l
2
ti+1 + · · · + l
ti+2+1
ti+1
for 1 ≤ i ≤ q− 1 and
ntqtq+1 + l
tq+1+1
tq
= ntq1 + l
2
tq
= n1 + lk1 
From this it follows that
pni+l2i +···+lm+1i xi ≤ pni+l
2
i +···+lm+1i xiϕ ≤ pnim+l
2
i +···+lm+1i λimxm
= pnm+l2m +···+lt1+1m xm ≤ pnm+l
2
m +···+lt1+1m xmϕ ≤ pnmt1+l
2
m +···+lt1+1m λmt1xt1 
= pnt1+l2t1 +···+l
t2+1
t1 xt1  ≤ p
ntq+l
2
tq xtq  ≤ p
ntq+l
2
tq xtqϕ ≤ p
ntq1+l
2
tq λtq1x1
= pn1+lk1x1 ≤ pn1+lk1x1ϕ ≤ pn1k+lk1λ1kxk
= pnkxk ≤ pnkxkϕ ≤ pnkiλkixi
Hence
pni+l2i +···+lm+1i xi ≤ pnkiλkixi
We conclude that
ni + l2i + · · · + lm+1i ≤ nki
but this is exactly our claim (4.12) for m+ 1 = s.
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After the (s − 1)th step we set
lki = l2i + · · · + lsi for 2 ≤ i ≤ s (4.13)
and obtain
pni+lkixiϕ =
∑
j≤r
pnij+lkiλijxj
as well as
lki ≤ lkj for 1 ≤ j ≤ i ≤ s
From (4.8), (4.9), and (4.10) it follows now that
ni + lki ≤ nji + lkj for 1 ≤ i j ≤ s (4.14)
and with (4.12) we also conclude that
ni + lki ≤ nki for 1 ≤ i ≤ s (4.15)
The ﬁrst inequality
nk ≤ n1k + lk1 (4.16)
remains true.
Note that by the algorithm the kth row of the matrix  does not change.
Hence, if nk ≤ nik for one i ≤ s, also nk ≤ nik + lki. Clearly, we can repeat
the algorithm until
nk ≤ nik + lki for all i ≤ s (4.17)
Then the claim (4.2) follows by (4.14), (4.15), and (4.17) and Theorem 4.1
is shown.
Our main result will follow immediately from Theorem 4.1 just shown.
Main Theorem 4.2. Any endomorphism of a local Warﬁeld module of
ﬁnite torsion—free rank for an odd prime is the sum of two automorphisms.
Proof. We ﬁrst apply Theorem 4.1. If ϕ is an endomorphism of the local
Warﬁeld module M , then M has a ϕ-invariant, nice decomposition basis X
such that M/X is simply presented. By Proposition 3.1 the restriction
ϕ  X is the sum of two height-preserving automorphisms of X. Hence
ϕ is the sum of two automorphisms by the generalized Hill Theorem 2.2.
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